Anti-self-dual (ASD) 4-dimensional complex Einstein spaces with nonzero cosmological constant Λ equipped with a nonnul Killing vector are considered. It is shown, that any conformally nonflat metric of such spaces can be always brought to a special form and the Einstein field equations can be reduced to the Boyer-Finley-Plebański equation (Toda field equation). Some alternative form of the metric are discussed. All possible real slices (neutral, Euclidean and Lorentzian) of ASD complex spaces admitting a nonnull Killing vector are found.
Λ
K -metrics are known gives us the rare opportunity to examine possible techniques of obtaining real metrics from the complex ones. This aim has been achieved quite easily. We present all possible real slices of the holomorphic metric of the complex H Λ K -spaces. The corresponding transformations, which bring us to the real slices are, in fact, quite obvious and natural (compare (3.7a)-(3.7b), (4.14) and (A.18)). The simplicity of these transformations raises hopes for the positive results in the so-called Plebański programme, namely: how to generate real solutions from the complex ones. Although the results of the present work concern mainly the unphysical signatures (+ + −−) and (+ + ++), they use techniques which succeeded in obtaining Lorentzian slices [6] ! We believe, that our paper is the next step towards better understanding the role of complex spacetimes in general relativity. Moreover, sensible using of the techniques of obtaining real neutral and Euclidean slices could be helpful in more advanced problem concerning looking for the Lorentzian slices.
Our paper is organized as follows.
In section 2 some properties of the nonnull Killing vectors in H Λ K -spaces are considered. These properties have not been recognized earlier in [1] . The main result of section 2 is the Theorem 2.1, in which it is proved that the metric of the complex H Λ K -spaces can be brought to some special form (2.13).
Sections 3, 4 and 5 are devoted to searching for the real slices of the metric obtained in section 2. We consider the neutral (+ + −−), Euclidean (+ + ++) and Lorentzian (+ + +−) slices of the complex metric (2.13). All possible real slices are found and it is shown that in all the cases (except the Lorentzian case which can be solved completely) we arrive at the different versions of the BFP-equation.
Concluding remarks end the paper. In Appendix A we give some remarks about complex de Sitter spacetimes in various formalisms.
Complex case 2.1 Killing equations and their integrability conditions
Killing equations in spinorial form read
where l AB and lȦḂ are some symmetric spinors. The integrability conditions of (2.1) in ASD Einstein spaces with Λ (C ABĊḊ = 0 = C ABCD , R = −4Λ = 0) has the form ∇Ȧ R l ST + 2 3 Λ ∈ R(S KȦ T ) = 0 (2.2a)
The cases with null or nonnull Killing vector can be easily distinguished. In [1] we proved that the case l AB l AB = 0 corresponds to the null Killing vector while the case l AB l AB = 0 corresponds to the nonnull Killing vector. Here we deal with the nonnull Killing vectors, so l AB l AB = 0. We decompose the spinor l AB according to the formula
Putting this into the equations (2.2a) and (2.1) we get the conditions
where Z AḂ , MḂ and NḂ are some spinors. The Killing vector K AḂ takes the form
Equations (2.4a) and (2.4b) show that both spinors m A and n A form the null strings what means that the 2-dimensional holomorphic distributions
are integrable in the Frobenius sense.
what is also satisfied by virtue of (2.4b)]. The integral manifolds of these distributions constitute the congruences of self-dual null strings, i.e. holomorphic, totally null and totally geodesic 2-surfaces. [In Penrose nomenclature, these surfaces are called α-planes]. MȦ and NȦ describe the expansion of these congruences. Both MȦ and NȦ are necessarily nonzero. Indeed, there are no nonexpanding congruences of the self-dual null strings in ASD Einstein space if the cosmological constant Λ is nonzero.
Nonnull Killing vector in an ASD Einstein space with Λ can be always decomposed into the sum of two null vectors which are tangent to the congruences of null strings defined by the distributions D m A and D n A (compare (2.5)).
Moreover, from (2.1) one gets
where SȦḂ = S (ȦḂ) .
The metric
In [1] the general form of the holomorphic ASD metric with Λ admitting a nonnull Killing vector has been found as
where W = W (φ, η, w) is the key function which has to satisfy the reduced heavenly equation with Λ 
However, this form of the metric is inconvenient, generally because of the quite complicated equation (2.10) . This is why we propose
The metric of any complex ASD Einstein space with Λ admitting a nonnull Killing vector K = ∂ Z can be locally brought to the form
where (X, Y, Z, T ) are some local coordinates,
and the 1-form α fulfills the equation
The integrability condition of Eq. (2.15) (
and the invariant, which characterizes the Killing vector reads
Proof We divide our proof in two parts I and II. I. W ηη = 0
Step 1:
First we re-scale the coordinates according to
so the Killing vector is
The equation (2.10) reads now
or, equivalently
The metric (2.9) reduces to
Step 2: (ϕ, η, , v) → (ϕ, z, , v) (From W-formalism to P-formalism) Note that
This transformation has sense only, if W ηη = 0, the case W ηη = 0 must be considered individually. After some simple calculations one finds
The equation (2.20) reduces to
and the metric (2.22) reads
Step 3:
The equation (2.26) can be written in the form
where
Eq. (2.28) is equivalent to the equation
From the Frobenius theorem it follows that there exist the functions U = U (ϕ, z, v) and
It is easy to note that (ϕ, ξ, v) can be regarded as independent variables only if P zz +ϕ = 0. But this last condition is satisfied since if one had assumed that P zz + ϕ = 0 then Eq. (2.26) would not be fulfilled. Treating z as a function of (ϕ, ξ, v) , the equation (2.31) is equivalent to the set of equations
from (2.32a) to (2.32c) it follows that
where Σ = Σ(ϕ, ξ, v). As a consequence of the condition P zz + ϕ = 0 one gets z ξ = 0, so Σ ϕξ = 0. Compatibility condition (2.29) takes the form
Putting R and S from (2.33) into the (2.34) one arrives at the crucial equation
All derivatives of the P can be expressed by the derivatives of Σ according to
Substituting (2.36) into (2.27) one can rearranged the metric to get the form
The function Σ has to satisfy the equation (2.35) with the additional condition Σ ϕξ = 0.
Step 4:
Now we transform the coordinates according to
Moreover we define the functions V and U
and the 1-form α
Using this in (2.38) one gets
Functions U and Σ are associated by the relation (2.42) and by the Eq. (2.35) which in this formalism has the form
The Killing vector reads
and can be normalized to the K = ∂ Z by special choice of the arbitrary parameter τ , namely τ = −(Λ/6). Then the invariant l AB l AB given by (2.12) takes the form (2.17). Acting on both sides of (2.43) with the operator d one arrives at Eq. (2.15). Compatibility condition of the equations (2.42) and (2.45) brings us to the BFP-equation (2.16). Consider now the case II.
II. W ηη = 0 If W ηη = 0 then the Legendre transformation (2.24) is not valid anymore. However, condition W ηη = 0 leads to the function W being the first-order polynomial in η with coefficients depending on (φ, w). Reduced heavenly equation (2.10) can be easily solved and the solution reads
where f 1 , f 2 , f 3 and f 4 are the arbitrary functions of the variable w. The metric generated by the key function (2.47) corresponds to the complex de Sitter spacetime. However, the gauge freedom still available after bringing the Killing vector into the form ∂ t is strong enough to gauge all the functions f 1 , f 2 , f 3 and f 4 to zero (compare transformation formulas given in [1] ). Without any loss of generality one can set W = 0. Putting W = 0 into (2.9) and performing the coordinates transformation
we obtain the metric
This is exactly the metric (2.13) with U = 0 = α, V = −(3/Λ). After normalizing the constant τ , namely τ = 1 the Killing vector is K = ∂ Z and the invariant l AB l AB has the form (2.17). This completes the proof.
3 Neutral slices
Högner's results
This case of neutral signature (+ + −−) has been solved by M. Högner [5] . Högner has proved that the metric of ASD Einstein space of the constant curvature can be always brought to some special form which depends on the sign of the invariant l AB l AB (see [5] for details). He claims, that in the special coordinate system (t, x, y, z) the metric reads
and
Then the integrability condition of this last equation (
The metric (3.1) admits the nonnull Killing vector K = ∂ z . Moreover
• the case l AB l AB > 0 corresponds to the upper signs and it describes the scalar-flat pseudo-Kähler space
• the case l AB l AB < 0 corresponds to the lower signs and it describes the scalar-flat para-Kähler space 3.2 Real neutral slices of the metric (2.13)
In the case of the neutral (ultrahyperbolic) signature (++−−) the spinor l AB satisfies the condition
where bar denotes the complex conjugation. Spinors m A and n A are not defined uniquely by the (2.3) and they can be always re-scaled according to formula
where ρ is some complex function. Straightforward analysis of the condition (3.5) gives two possible solutions. Using (3.6) they can be brought to the form
In the case, when both m A and n A are real, we find from the (2.5), (2.4a)-(2.4b) and (2.8a) that MȦ, NȦ, ZȦḂ, SȦḂ are real. Spinors m A and n A forms a real null strings and it is possible to choose the spinorial base in such a manner, that m A = (0, m 2 ), m 2 = 0. This allows to introduce the real Plebański's tetrad and solve the problem from the very beginning (all the calculations are identical, like in [1] ). However, if m A and n A are complex, we find MȦ = ±NȦ, Z AḂ +Z AḂ = 0, SȦḂ +SȦḂ = 0. There are no real null strings which can be connected with the spinor l AB (and Killing vector) by the conditions (2.4a)-(2.4b). In this case to repeat Högner's results from the general description given in [1] is much more difficult.
The second possible way to obtain Högner's results is to consider the real slices of the complex metric (2.13). Let us consider two transformations of the metric (2.13)
Performing these transformations in formulas (2.13) -(2.17), changing the abbreviations of the coordinates into small letters and considering all coordinates, 1-forms and functions as a real smooth objects, we arrive exactly to the Högner's results (3.1) -(3.4).
Euclidean slices 4.1 Tod's results
The case of the Euclidean signature has been considered by Przanowski [3] and then by Tod [4] . Przanowski shows in [3] that the metric of the Euclidean Einstein space with nonzero cosmological constant Λ equipped with the nonnull Killing vector can be brought to some special form and pointed out the existence of two, essentially different classes of the Killing vectors. Tod has proved, that these two classes are, in fact, identical and he has shown that the metric can be always presented in the form
and the 1-form α satisfies the equation 
we arrive exactly to the Tod's results].
Euclidean slices of the metric (2.13)
The Euclidean reality condition can be written as
Solving this equation and re-defining, as before, the spinors m A and n A according to (3.6), we obtain only one possible solution
Spinors m A and n A are complex and we do not have any real null strings. The only plausible way seems to be appropriate complex transformation and then real slice of the metric (2.13). The complex transformation that we propose here reads
Using this transformation in the formulas (2.13) -(2.17), changing the abbreviations of the coordinates to small letters and replacing the analytic coordinates, 1-forms and functions by real smooth ones, we obtain Tod's results (4.8) -(4.15). The invariant reads now
Lorentzian slices
Lorentzian slices exist only ifC ABCD = CȦḂĊḊ. Because C ABCD = 0 the only possible Lorentzian metric hidden inside the metric (2.9) (or (2.13)) is the metric of the type [−] ⊗ [−] with Λ = 0, i.e., the metric of de Sitter spacetime.
As it follows from Appendix A, complex de Sitter spacetime in Plebański -Robinson -Finley coordinates corresponds to the key function W = 0. Following the second part of the proof of the Theorem 2.1 (Case W ηη = 0) we find, that de Sitter spacetimes in the U -formalism can be always brought to the form (2.13) with U = 0 = α, i.e., to the metric (2.49). Then the equations for the 1-form α (2.15) and the BFP equation (2.16) are identically satisfied.
[Remark: it is worth to note, that there exist nontrivial U -functions which give conformally flat solutions. For example, conformally flat solutions with the W function of the form (A.15) which satisfies W ηη = 0, W ηηη = 0, translated into U -formalism give
This equation can be integrated in all subcases. If b and c are constants, the BFPequation reduces to the Liouville equation [7, 9] which solution is well known. The other family of the U -function which give the conformally flat solution is the equivalent of the key functions (A.15) which satisfy W ηηη = 0. In this case the U -function has to satisfy the following equation
Using (5.17) with a = const, the BFP equation can be once integrated, but the full explicit solution is not known]. Using in the metric (2.49) the following coordinate transformation
we obtain exactly de Sitter metric in the form (A.14a). Using one more coordinate transformation (A.2) we obtain the equivalent form of the metric of de Sitter spacetime (A.14b). Considering the coordinates (x, y, z, t) in (A.14b) as a real coordinates, we obtain the real de Sitter metric in Lorentzian signature.
Concluding remarks
Our paper constitutes the concise summary of the problem of the real H Λ K -spaces via complex ones. The transformation leading from Plebański -Robinson -Finley coordinates to coordinates employed in [4, 5] is presented in details. Both coordinates systems have deep geometrical meaning. Plebański -Robinson -Finley coordinates are adapted to the congruence of the null strings and seem to be transparent in considerations in complex space-times. Coordinates used by Tod and Högner are associated with the almost-complex or para-almost-complex structures. It is obvious, that the transformation considered can be treated as a bridge between these two geometrical approaches.
The next conclusion concerns real slices of the complex metrics. Transformations (3.7a), (3.7b) and (4.14) are, in fact, based on a sensible use of imaginary unit i. The [8] introduced two families of the solutions of the BFP-equation, but they did not present the corresponding metrics. These families in Σ-formalism read
and a = a(ξ), a ξ = 0 are the arbitrary functions of their variables. The metrics corresponding to (6.19a ) and (6.19b ) in Σ-formalism can be obtain directly by putting (6.19a ) and (6.19b) In this appendix we write down some forms of the metric of complex de Sitter spacetimes. [Analogous considerations about real de Sitter spacetimes can be found in [10] ]. The metric of any complex conformally flat spacetime can be led to the form
where (x, y, z, t) are some complex coordinates and Φ = Φ(x, y, z, t) is some complex function. Introducing the new complex coordinates
we arrive at the form of metric
Choosing the null tetrad
and using the first structure equations we find the connection forms to be
From the second structure equations one obtains
Demanding additionally that C ab = 0 =⇒ R = −4Λ we arrive at the formulas
Gathering, the metric of the complex de Sitter spacetimes can be always brought to the form ds 2 = 2dξdζ + 2dudv
where Λ is the cosmological constant and α 0 , β 0 , µ 0 , γ 0 , δ 0 and 0 are complex constants satisfying (A.9). There are at least two ways of simplifying the form of the metric. Changing the coordinates in (A.10) according to
and dropping primes the metric (A.10) reads
If coordinates (x, y, z, t) are real, the metric (A.12) has the Lorentzian signature (+++−) and it is the well known form of the metric of the Lorentzian de Sitter spacetime.
However, one can always use the tetrad gauge freedom. Detailed analysis proves that one can always set
The constant 0 can be absorbed then into v coordinate and the metric takes the form ds 2 = 2dξdζ + 2dudv (z + t) − (z − t) 2 (A.14b)
The form (A.14a) of the metric of the complex de Sitter spacetime is especially useful for our purposes (see section 5).
A.2 Complex de Siter spacetimes in the Plebański -Robinson -Finley coordinates
One can attack the problem of complex de Sitter spacetimes using the heavenly spaces theory. Complex de Sitter spacetimes are characterized by the conditions C ABCD = CȦḂĊḊ = C ABȦḂ = 0 and Λ = 0. Analysis of the curvature formulas [1] proves, that the most general key function W which gives de Sitter spacetime is the third-order polynomial in η and φ and it has the form W = g 1 η 3 + g 2 η 2 φ + g 3 ηφ 2 + g 4 φ 3 + g 5 η 2 + g 6 ηφ + g 7 φ 2 + g 8 η + g 9 φ + g 10 (A.15)
where g 1 , ..., g 10 are functions of (w, t we arrive at the form (A.14a).
